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Direct Numerical Simulation and Modeling
of a Nonequilibrium Turbulent Plasma
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We investigate the possibility of modeling a low-pressure nonequilibrium turbulent plasma using a probability
density function (pdf). Direct numerical simulation (DNS) is used to understand and to model these reactive � ows.
The pdf transport equation needs a closure for micromixing to capture diffusive and conductive mechanisms
occurring at the small scales of the turbulence. A linear relaxation model is retained for micromixing in the case
of a recombining plasma in agreement with the results from DNS.

Nomenclature
A = neutral species
A+ = ion
Da = Damköhler characterizing recombination
Darelax = Damköhler characterizing thermal relaxation
dion = ionization degree of reference,

dion = q w
A+ ,ref / q

w
ref =Y w

A+ ,ref
E = total energy, E = E w / ( q w

refU
w 2
ref ) = q ei + 0.5 q Ui Ui

ee = internal energy of electrons, ee = Te / c
ei = internal energy, ei = ei w / U w 2

ref = (YA + dionYA+ )T / c +
dionYe Te / c )

erec = recombination energy released in electron gas
e0

A+ = enthalpy of formation of ions
h a = enthalpy of species a
k = kinetic energy of turbulence
h P i = probability density function (Favre averaging)
P̄ = probability density function (Reynolds averaging)
Pr = Prandtl
p = pressure, p w / q w

refU
w 2
ref

Qexc = thermal energy exchange source term
Re = acoustic Reynolds number, U w

ref q
w
ref L ref / l w

ref
rs = s t / s s

Sc = Schmidt
T = temperature of heavy particles A and A+

[T = T w / ( c ¡ 1)T w
ref]

Te = electron temperature, Te = T w
e / ( c ¡ 1)T w

ref
U = velocity, U w / U w

ref
U w

ref = sound velocity based on T w
ref

V a = diffusion velocity of species a
Y a = mass fraction of species a , Y w

a / Y w
a , ref

c = heat capacity ratio, 1.66 in argon
² = dissipation rate of the � uctuating velocity � eld
k = thermal conductivityof heavy particles
k e = thermal conductivityof electrons
l , m = dynamic viscosity and kinematic viscosity, l = l w / l w

ref
q = density, q w / q w

ref
s s = micromixing time of scalar s
s t = eddy breakup time
w = sample space variable
Çx = chemical rate
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Subscripts

e = electrons
i or j = direction i or j
ref = reference
a = species a

Superscript

w = dimensional value

Introduction

M OST studies related to turbulence in plasma neglect the cou-
plingbetween chemistryand turbulence.In these approaches

the mean chemical source terms in the conservation equations for
mean species concentrations are assumed to be functions of the
averaged temperatures and species density. This is probably a too
restrictive hypothesis as, for example, in thermal plasma jets.1 The
coupling between chemistry and turbulence in ionized gas could
also be an important phenomenon in low-pressureplasma jets (arc-
jet) or in spatial-relatedapplications,e.g., reentryof spatial vehicles
or ballisticmissiles.Studies havebeendevotedto this latter situation
in the 1960s,2, 3 focusing on the electron density � uctuation,which
is a key parameter for the prediction of radar signature. The previ-
ously proposed approaches are somewhat cumbersome and cannot
be easily implemented in today’s numerical solvers.

In the presentwork some simpli� cations to the complex problem
of a turbulent plasma have been brought: 1) the test gas is argon, of
which physicalpropertiesare well-known;2) the level of ionization
is low (below 1%); 3) no charge separation occurs; 4) no radiative
effects are included; and 5) the electric � eld induced by turbulence
is negligible.

When evaluating a mean source term in this turbulent plasma,
in theory, one should account for � uctuations of chemical species
and temperatures. In terms of modeling, a parallel can be drawn
between thisproblemand turbulentcombustionwhere the one-point
probabilitydensity function (pdf) has proved to be an effective tool.
Introducingpdfs, source terms de� ned at a point can be dealtwith in
a closed and exact form.4 –6 Nevertheless, all terms involving two-
point informationneed to be modeled (diffusionof species, thermal
conduction, radiative � uxes, etc.). Therefore with pdfs, the effects
of � uctuations on chemical sources are directly included, whereas
turbulent micromixing (small-scale diffusion) mechanisms need a
closure.The extensionof thepdfapproachto turbulentionizedgases
requires some fundamental studies to understand these unknowns.

To address this issue, we have used direct numerical simulation
(DNS). DNS resolvesall of the scales(time and length)of turbulence
for moderate Reynolds numbers, and from the resulting data behav-
ior of unknown terms can be studied.7 , 8 A DNS solver previously
developedfor studying turbulenceand turbulentcombustion9 , 10 has
been adapted to treat the situation of a monoatomic plasma.

The paper is organizedas follows.First, we present the governing
equationsfor the plasma. In the subsequentsection the pdf transport
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equation is derived, and a closure for turbulent micromixing is pro-
posed. Finally, DNS databasesare used to estimate the capabilityof
the modeled pdf transport equationof capturing the main properties
of the turbulent plasma.

Governing Equations
In this section we give the transport equations used to perform

DNS of the turbulent plasma. From this set of equations, the corre-
sponding pdf transport equation is also derived.

DNS
Simulations are three-dimensionaland have been performed on a

653 grid, with periodic conditions on all boundaries of the domain.
We usea fully compressibleDNS codedevelopedbyGuichardet al.9

The numerical method is third-order accurate in time and includes
a sixth-order-accuratecompact scheme for spatial discretization.11

The equations12 are detailed below in a nondimensional form:

@q

@t
+

@q U j

@x j
= 0 (1)

@q Ui

@t
+

@q UiU j

@x j
= ¡

@p

@xi

+
1
Re

@ s i j

@x j

(2)

@E

@t
+

@EU j

@x j
= ¡

@pU j

@x j

+
1

Re

@

@x j (s i j Ui +
l

Pr

@T

@x j

+
l

Pr

k w
e

k w

@Te

@x j )
¡ ^

a = A, A+ ,e
[ @

@x j
( q a V a

j h a )] ¡ dion Çx A+ e0
A+ (3)

@q YA+

@t
+

@q YA+ U j

@x j
= Çx A+ ¡

@

@x j
( q A+ V A+

j ) (4)

@q eee

@t
+

@q eeeU j

@x j
=

@

@x j ( l

dionRePr

k w
e

k w

@Te

@x j )
¡

@

@x j
( peU j ) ¡ ene(U j + V e

j ) E el
j

¡
@

@x j
( q ehe V e

j ) + ee Çx A+ ¡ erec Çx A+ + Qexc (5)

where the pressure is given by

p = (c ¡ 1
c )( q T + dion q A+ Te)

and the electric � eld (E el ) work is written as
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The physicalpropertiesof the gas correspondto an argonplasma.
The chemicalsourcetermaccountsonlyfor recombinationof ions,13

and it is suitable for electron temperaturesbelow 5000 K:

Çx A+ = ¡ Da
( q YA+ )3

[( c ¡ 1)Te]
4.5 (6)

The energyrelease in the electrongas relatedto ion recombination
is only a fractionof the ionizationenergy(e0w

A+ =15.7 eV) (Ref. 14):

erec » 0.165e0
A+

and, with a temperature of reference equal to 1000 K,

e0
A+ = e0w

A+ / a2 w
ref » 106

The term for exchange of thermal energy between modes is
given by12

Qexc = Darelaxdion q
2
e (T ¡ Te)Ï Te

where the contribution of collisions between neutral particles and
electrons has been dropped. This assumption is not always valid,
especially when the ionization degree is weak (below 0.1%).

The diffusion velocities of ions and electrons are equal and in-
clude ambipolar diffusion.15 We may write, neglectingpressureand
temperature gradients,

V A+
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l
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T ) 1
q YA+
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Neutral particles diffusion is described by a Fick’s law and the
viscosity depends on temperature through the Sutherland law:

l w = 1.97 £ 10 ¡ 6T w 0.5 SI ) l = [( c ¡ 1)T ]0.5 (7)

Obtaininga correctestimationof the thermalconductivityof elec-
trons valid over a wide range of ionization is a dif� cult problem in
itself. We have retained the expression proposed by Spitzer and
Harm.16 This expression is acceptable for an ionizationdegree over
10 ¡ 3 and is given as

k w
e = 1.84 £ 10 ¡ 10T w

e
2.5 1

(1.25 £ 107Ï T w
e

3 / N w
e )

SI (8)

Typically, the logarithmic part of the expression is close to 7;
then assuming a temperature of reference of 1000 K and Pr = 0.66,
it follows that

l k w
e / k w = 0.05[( c ¡ 1)Te]2.5 (9)

Statistical Description of the Turbulent Plasma (pdf)
From the preceding equations the transport equation for the joint

pdf of the thermochemical variables (YA+ , ei , Yeee ) can be easily
derived following the methodology of Dopazo.6 In the situation of
homogeneous turbulence, one may write
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where u = {u 1, u 2, u 3} corresponds to {YA+ , ei , Yeee} and the re-
lated set of sample space variablesis w ={w 1 , w 2 , w 3}. The quantity
(F j j ) is the mean value of expression F conditional on the satis-
faction of the relation j .

In Eq. (10) several terms have been neglected: convection is not
includedbecausethe � ow is homogeneousand transportof enthalpy
by diffusion in the total energy equation and terms including pres-
sure gradient/velocity and pressure/velocitydivergencecorrelations
are omitted. The contributionsof the latter of these are supposed to
be small in the � ow con� guration that we consider. Equation (10)
involvesunknown conditionalmean valuesof diffusiveand conduc-
tive budgets characteristicof turbulentmicromixing.17 To begin, we
wish to investigate the possibility of using, for those terms, the lin-
ear estimation model of Dopazo,6 also known as the interaction by
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exchangewith the mean value (IEM) model. For instance,using this
closure, the diffusive term is

[ @

@x j ( q m
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@ u a

@x j )j u = w )]= ¯q
h u a i ¡ w a

s a

(11)

The key point is then the determination of the characteristic mi-
cromixing time s a . DNS may be used as a guideline to construct
closures for s a in the case of a turbulent plasma.

Results and Discussion
Validity of the IEM Model

When performing DNS, the initial distribution of the scalar YA+

corresponds to a segregated � eld featuring pockets of more or
less ionized � uid (Fig. 1) and is characterized by h YA+ i = 0.5 andp

h Y 0 0 2
A+ i =0.3. The temperatures (Fig. 2) T and Te are initially

set equal and linearly dependent on YA+ [( c ¡ 1) h T i = 1.28 and
( c ¡ 1)

p
h T 0 0 2 i =0.22].

The initial turbulentvelocity � eld described by a Passot–Pouquet
turbulence spectrum is characterizedby a turbulent Reynolds num-
ber Ret =Reu0 lt , where u 0 is the imposed rms of the velocity � eld
and where the integral length scale is de� ned by lt = u 0 3 / ²̄. In all
of the simulations presented, the initial turbulent Reynolds num-
ber is about 160. All along these simulations, we insure that the
Kolmogorov length scale [lK = ( h m i 3 / h ²i )1/4] is twice the mesh
step and that the ratio L / lt is greater than 1 (L size of the computa-
tionaldomainin all directions). Then, thedissipationof the turbulent
kinetic energy is well described,and the statisticsextractedfrom the
simulations are reliable.

The initial pressure � eld is uniform and set to unity. The acoustic
Reynolds number is set to 1000, Prandlt and Schmidt are equal
to 0.66, and the ionization degree of reference dion is equal to 0.01.
From this initial conditionthe turbulenceis allowed to decay.For all
results presented the time is normalized by the initial eddy turnover
time (0.5 lt / l 0 ).

Other parameters are Da =0 and Darelax = 0 (nonreactive case
A), Da =7 and Darelax =1.106 (reactive case B), and Da =7 and

Fig. 1 Two-dimensional contour plot of the scalar YA+ at the initial
time.

Fig. 2 Two-dimensional contour plot of the electron temperature
(° ¡ 1)Te at the initial time.

Darelax =1.103 (reactive case C). Case A describes a pure diffusiv-
ity and conductivity problem. Reactive cases B and C correspond
to situations where ions are recombining leading to a rise in tem-
perature levels. Because of the small ionizationdegree, the effect of
recombination on the heavy particle temperature will be small. The
in� uenceonelectrontemperatureof recombinationwill then depend
on the intensityof the couplingbetween energy modes. Case B cor-
responds to a strong coupling ensuring no departure from thermal
equilibrium; the electron temperature rise will then be small. In
case C the coupling is weak, then the energy released by recom-
bination in the electron gas will not be totally shared with heavy
particles, leading to a signi� cant electron temperature rise. This
case is close to a low-pressure plasma where thermal nonequilib-
rium is frequentlyencountered.Case B can be seen as representative
of an atmospheric thermal plasma where the assumption of perfect
equilibrium between the two temperatures is reasonable.

When the IEM model is chosen for expressing the conditional
means of diffusive and conductive terms appearing in Eq. (10), one
can write
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where the scalar micromixing times are given by6
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Figures 3–5 display, for diffusive and conductive terms, the com-
parisonbetweenIEM closureand theevolutionextractedfromDNS.
The resultsare given for the reactivecase B. The same levelof agree-
ment is found at other times in the simulation and also for cases A
and C. Then, for these turbulent plasmas, IEM closure proves to
be adequate if the micromixing time is well-predicted. In the next
section the DNS database is now used to provide information on
these micromixing times.

Fig. 3 f (@/@xj ) [(½º¸?
e /RePr¸?)(@Te/@xj )]j Á=Ã)g , comparison be-

tween DNS and the IEM model (reactive case B, time = 1.6eddyturnover
times).
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Fig. 4 f (@/@xj )[(½º/RePr) (@T/@xj )]j Á = Ã)g , comparison between
DNS and the IEM model (reactive case B, time = 1.6 eddy turnover
times).

Fig. 5 f (@/@xj )[(½º/ReSc)(1 ++ Te/T)(@YA+ /@xj )] j Á = Ã)g , compari-
son between DNS and the IEM model (reactive case B, time = 1.6 eddy
turnover times).

Evolution of the Micromixing Times
A common assumption is to relate the micromixing time of the

scalar to the eddy breakup time ( s t = h k i / h ² i ) througha proportion-
ality relation:

r a = s t / s a » C a (16)

DNS studies (stationary isotropic turbulence with no mean
gradient)18 as well as experimental studies (spatially decaying grid
turbulence)19 have shown that after a transient regime C a relaxes
toward 1. These studies have been performed for Schmidt numbers
equal to 0.7 (Ref. 18) and equal to 1 (Ref. 19). The transient be-
havior depends strongly on the initial velocity and scalar spectra.
The modeling of the spectral relaxation of the scalar � eld is still
an open problem that will not be addressed here (see, for example,
Refs. 20 and 21).

In plasma, ambipolardiffusiontends to increasediffusionof ions,
and we have roughly Scamb = ScA+ / (1 + Te / T ) » 0.3, which is the
effective Schmidt number characterizing ionic diffusion, a value
quite different of those used in the studies just mentioned.18 , 19 The
DNS databases generated with the conditions given next have been
used to extract the temporal evolution of the mechanical-to-scalar
time ratios (r a ).

As expected,the ratio correspondingto the micromixingof heavy
particle temperature (rT ), which is characterized by Pr =0.66, re-
laxes toward 1 (Fig. 6). The same trend is observed for ions (Fig. 6)
despite the small ambipolar Schmidt number. These results are ob-
tained from both the reactive and nonreactive simulations. Thus,
even for quite low values of the Schmidt number, the assumption
of a constant mechanical-to-scalartimescale ratio is acceptable af-
ter a transient regime. The simulation is stopped after 2.6 eddy
turnover times because the integral length scale becomes too large

Fig. 6 Time evolution of the ratio of mechanical to scalar micromixing
times (reactive case B): 1) ¿t /¿?

Te
, 2) ¿t /¿T , and 3) ¿t /¿YA+ .

compared to the size of the computational domain (at this time the
ratio

p
h Y 0 0 2

A+ i / h YA+ i is equal to 0.08).
Turbulent micromixing for the electron temperature needs to be

regardedwith care.The � rst dif� culty is that the evolutionof viscos-
ity depends on heavy temperature ( » T 0.5), whereas electron con-
ductivity depends on electron temperature ( » T 2.5

e ). The exponents
are very different, and so, even if both temperatures are equal, the
correspondingmicromixing times are not related if the intensity of
the � uctuations is large. The second dif� culty is that the turbulent
micromixing time is found to be strongly dependent on the source
terms appearing in the electron energy balance equation [Eq. (5)].
Two extreme situationsare distinguished:1) if the energy exchange
between heavy particles and electrons is low, then the small scales
tend to be damped very quickly (Fig. 7) because of the important
conductiveterm. In this situation, it is dif� cult to obtain satisfactory
statistics because the integral length scale associated with electron
temperature becomes of the same order as the size of the computa-
tional domain and 2) at the opposite limit, if the energy exchange
is a dominant process, the small scales of the electron temperature
are sustained by the heavy temperature ones (Fig. 8). Then, the sta-
tistical properties of both temperatures are identical. In this latter
situation, combining Eqs. (7), (8), and (15) leads to the relation

C1[( c ¡ 1) h Te i ]2.5

dion[( c ¡ 1) h T i ]0.5
s Te = s w

Te
» s T (17)

This simple relation is veri� ed in Fig. 6 and should be applied
when the intensity of � uctuations is not too high (below 10%) and
when the mean temperatures (h T i and h Te i ) are close together.

Pdf Modeling of a Turbulent Plasma
A Monte Carlo simulation6 is used to solve the pdf transport

equation [Eq. (10)]. The joint pdf is described with a set of 1000
stochastic particles of dimension 3 (YA+ , ei , Yeee).

The initial pdf of T , Te , and YA+ is the one used for generatingthe
initial condition for DNS. Results are presented for reactive cases
B and C. DNS and pdf method results are compared. The diffusive
and conductiveterms present in Eq. (10) are expressedwith the IEM
model using the turbulent micromixing times either issued from
DNS [Eq. (15)] or calculatedfrom the eddy breakup time [Eq. (16)]
with CT =CYA+ =1 and CTe =10. This latter approximationallows
for the inclusion of the strong conductivityof electrons.

Figures 9–13 display the evolution of mean values and rms of
the ion mass fraction and of the temperatures. For all values and
for both expressions of the micromixing turbulent times (directly
issued from DNS or proportional to the eddy breakup time), the
mean values are accuratelydescribed.The electron temperature for
case B is not displayedbecausethe strongcouplingbetween thermal
energy modes ensures a total thermal equilibrium. The mean elec-
tron temperature in case C (Fig. 12) shows at the beginning of the
simulation a signi� cant rise related to electron/ion recombination
and then slowly relaxes toward lower values as electron energy is
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Fig. 7 Two-dimensional contour plot of the electron temperature
(° ¡ 1)Te after one eddy turnover time (nonreactive case A).

Fig. 8 Two-dimensional contour plot of the electron temperature
(° ¡ 1)Te after 1.5 eddy turnover time (reactive case B).

Fig. 9 Time evolution of h YA+ i and
p h Y 0 0 2

A+ i (reactive case B).

given to the heavy particles through elastic collisions.We may also
remark, comparing Figs. 9 and 11, that the rise in electron tempera-
ture observed in case C slows down the ion/electron recombination
process.

The observation of the evolutions of the rms leads to more qual-
i� ed statements. As expected, with an approximation [Eq. (16)]
of the micromixing times, a less accurate prediction of the rms is
achievedfor the ion mass fraction(Figs. 9 and 11). However, the rms
of the heavy species temperature (Figs. 10 and 13) is predictedwith
a better accuracy with the relation (16). In fact, to establish the pdf
transport equation [Eq. (10)], the term p(@u j / @x j ) was neglected
in the internal energy ei transport equation (3). This term extracted
from DNS appears to be only slightly smaller than the conductive
term (two or three times smaller) and to be of opposite sign. Then
it slows the decay of temperature � uctuations. The relation (16)
overestimatesthe micromixing time and then reproducesarti� cially
the complex balance between conduction and the pressure/velocity
divergence correlation.

Fig. 10 Time evolution of (° ¡ 1)h T i and (° ¡ 1)
p h T 0 0 2 i (reactive

case B).

Fig. 11 Time evolution of h YA+ i and
p h Y 0 0 2

A+ i (reactive case C).

Fig. 12 Time evolution of (° ¡ 1)h Te i and (° ¡ 1)
p h T 0 0 2

e i (reactive
case C).

The rms of the electron temperature in case C (Fig. 12) vanishes
very quicklybecauseof the strong conductivityof electrons,and the
agreementbetween DNS and pdf method is satisfactory.Comparing
the rms of the ion mass fraction (Figs. 9 and 11), we note that if
the micromixing time extracted from DNS is used the agreement
is better for case C than for case B, which implies that a good
predictionof the rms of the controlling temperature in the chemical
source term is also necessary.

The IEM model that has been used to close the pdf transport
equation does not modify the shape of the pdf, which is initially
a two-peaks pdf and evolves toward Gaussian shape in the DNS.
Nevertheless, it appears to be suf� cient to predict the mean value
and the rms of the quantitiesqualifyingthe turbulentplasma, as soon
as a good estimation of the turbulentmicromixing time is provided.
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Fig. 13 Time evolution of (° ¡ 1)h T i and (° ¡ 1)
p h T 0 0 2 i (reactive

case C).

Conclusion
The possibilities of applying the one-point pdf approach to the

modeling of turbulent plasma have been investigated using DNS.
The intricate coupling between the thermal energy exchange term
and the conductive term appearing in the electron energy trans-
port equation and the ion/electron recombination process has been
shown. Encouraging results have been obtained when comparing
DNS results with the solution of the pdf equation, where the dif-
fusive and conductive terms are closed with the basic IEM model.
It may then be concluded that using a pdf coupled with turbulence
modeling of the � ow may be an effective route to help in the de-
sign of practicalsystems involvingturbulentnonequilibriumplasma
� ows.
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